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A COMBINATORIAL PROOF OF THE KRONECKER–WEBER
THEOREM IN POSITIVE CHARACTERISTIC
JULIO CESAR SALAS–TORRES, MARTHA RZEDOWSKI–CALDERO´N,
AND GABRIEL VILLA–SALVADOR
Abstract. In this paper we present a combinatorial proof of the Kronecker–
Weber Theorem for global fields of positive characteristic. The main tools
are the use of Witt vectors and their arithmetic developed by H. L. Schmid.
The key result is to obtain, using counting arguments, how many p–cyclic ex-
tensions exist of fixed degree and bounded conductor where only one prime
ramifies are there. We then compare this number with the number of subex-
tensions of cyclotomic function fields of the same type and verify that these
two numbers are the same.
1. Introduction
The classical Kronecker–Weber Theorem establishes that every finite abelian
extension of Q, the field of rational numbers, is contained in a cyclotomic field.
Equivalently, the maximal abelian extension of Q is the union of all cyclotomic
fields. In 1974, D. Hayes [2], proved the analogous result for rational congruence
function fields. Hayes constructed first cyclotomic function fields as the analogue
to classical cyclotomic fields. Indeed, the analogy was developed in the first place
by L. Carlitz in the 1930’s. The union of all these cyclotomic function fields is not
the maximal abelian extension of the rational congruence function field k = Fq(T )
since all these extensions are geometric and the infinite prime is tamely ramified.
Hayes proved that the maximal abelian extension of k is the composite of three
linearly disjoint fields: the first one is the union of all cyclotomic fields; the second
one is the union of all constant extensions and the third one is the union of all the
subfields of the corresponding cyclotomic function fields, where the infinite prime is
totally wildly ramified. The proof of this theorem uses Artin–Takagi’s reciprocity
law in class field theory.
In the classical case, possibly the simplest proof of the Kronecker–Weber The-
orem uses ramification groups. The key tool in the proof is that there is only one
cyclic extension of Q of degree p, p an odd prime, where p is the only ramified
prime. Indeed, this field is the unique subfield of degree p of the cyclotomic field
of p2–roots of unity. In the case of function fields the situation is quite different.
There exist infinitely many cyclic extensions of k of degree p where only one fixed
prime divisor is ramified.
In this paper we present a proof of the Kronocker–Weber Theorem analogue for
rational congruence function fields using counting arguments for the case of wild
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ramification. First, similarly to the classical case, we prove that a finite abelian
tamely ramified extension of k is contained in the composite of a cyclotomic function
field and a constant extension (see [4]). Next, the key part, is to show that every
cyclic extension of p–power degree, where there is only one ramified prime and
it is fully ramified, and the infinite prime is fully decomposed, is contained in a
cyclotomic function field. The particular case of an Artin–Schreier extension was
completely solved in [5] using counting techniques. In this paper we present another
proof for the Artin–Schreier case that also uses counting techniques but is suitable
of generalization for cyclic extensions of degree pn. Once the latter is proven, the
rest of the proof follows easily. We use the arithmetic of Witt vectors developed by
Schmid in [6] to give two proofs, one by induction and the other is direct.
2. The result
We give first some notation and some results in the theory of cyclotomic function
fields developed by D. Hayes [2]. See also [7]. Let k = Fq(T ) be a congruence
rational function field, Fq denoting the finite field of q = p
s elements, where p
is the characteristic. Let RT = Fq[T ] be the ring of polynomials, that is, RT is
the ring of integers of k. For N ∈ RT \ {0}, ΛN denotes the N–torsion of the
Carlitz module and k(ΛN ) denotes the N–th cyclotomic function field. The RT –
module ΛN is cyclic. For any m ∈ N, Cm denotes a cyclic group of order m. Let
KT :=
⋃
M∈RT
k(ΛM ) and F∞ :=
⋃
m∈N Fqm .
We denote by p∞ the pole divisor of T in k. In k(ΛN )/k, p∞ has ramifi-
cation index q − 1 and decomposes into |GN |q−1 different prime divisors of k(ΛN )
of degree 1, where GN := Gal(k(ΛN/k)). Furthermore, with the identification
GN ∼=
(
RT /(N)
)∗
, the inertia group I of p∞ is F
∗
q ⊆
(
RT /(N)
)∗
, that is, I =
{σa | a ∈ F
∗
q}, where for A ∈ RT we use the notation σA(λ) = λ
A for λ ∈ ΛN .
We denote by R+T the set of monic irreducible polynomials in RT . The primes that
ramify in k(ΛN )/k are p∞ and the polynomials P ∈ R
+
T such that P | N , except
in the extreme case q = 2, N ∈ {T, T + 1, T (T + 1)} because in this case we have
k(ΛN) = k.
We set Ln to be the largest subfield of k
(
Λ1/Tn+1
)
where p∞ is fully and purely
wildly ramified, n ∈ N. That is, Ln = k
(
Λ1/Tn+1
)F∗q . Let L∞ := ⋃n∈N Ln.
For any prime divisor p in a field K, vp will denote the valuation corresponding
to p.
The main goal of this paper is to prove the following result.
Theorem 2.1 (Kronecker–Weber, [2], [7, Theorem12.8.31]). The maximal abelian
extension A of k is A = KTF∞L∞. 
To prove Theorem 2.1 it suffices to show that any finite abelian extension of k
is contained in k(ΛN )FqmLn for some N ∈ RT and m,n ∈ N.
Let L/k be a finite abelian extension. Let
G := Gal(L/k) ∼= Cn1 × · · · × Cnl × Cpa1 × · · · × Cpah
where gcd(ni, p) = 1 for 1 ≤ i ≤ l and aj ∈ N for 1 ≤ j ≤ h. Let Si ⊆ L be such
that Gal(Si/k) ∼= Cni , 1 ≤ i ≤ l and let Rj ⊆ L be such that Gal(Rj/k)
∼= Cpaj ,
1 ≤ j ≤ h. To prove Theorem 2.1 it is enough to show that each Si and each Rj
are contained in k(ΛN )FqmLn for some N ∈ RT and m,n ∈ N.
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In short, we may assume that L/k is a cyclic extension of degree h where either
gcd(h, p) = 1 or h = pn for some n ∈ N.
3. Geometric tamely ramified extensions
In this section, we prove Theorem 2.1 for the particular case of a tamely ramified
extension. Let L/k be an abelian extension. Let P ∈ RT , d := degP .
Proposition 3.1. Let P be tamely ramified in L/k. If e denotes the ramification
index of P in L, we have e | qd − 1.
Proof: First we consider in general an abelian extension L/k. Let G−1 = D be
the decomposition group of P , G0 = I be the inertia group and Gi, i ≥ 1 be the
ramification groups. Let P be a prime divisor in L dividing P . Then if OP denotes
the valuation ring of P, we have
U (i) = 1 +Pi ⊆ O∗P = OP \P, i ≥ 1, U
(0) = O∗P.
Let l(P) := OP/P be the residue field at P. The following are monomorphisms:
Gi/Gi+1
ϕi
→֒ U (i)/U (i+1) ∼=
{
l(P)∗, i = 0
Pi/Pi+1 ∼= l(P), i ≥ 1.
σ¯ 7→ σπ/π
where π denotes a prime element for P.
We will prove that if G−1/G1 = D/G1 is abelian, then
ϕ = ϕ0 : G0/G1 −→ U
(0)/U (1) ∼=
(
OP/P
)∗
satisfies that imϕ ⊆ OP /(P ) ∼= RT /(P ) ∼= Fqd . In particular it will follow
∣∣G0/G1∣∣ |∣∣F∗qd ∣∣ = qd − 1.
To prove this statement, note that
Aut((OP/P)/(OP /(P ))) ∼= Gal((OP/P)/(OP /(P ))) = D/I = G−1/G0
(see [7, Corollary 5.2.12]).
Let σ ∈ G0 and ϕ(σ¯) = ϕ(σ mod G1) = [α] ∈
(
OP/P
)∗
. Therefore σπ ≡
απ mod P2.
Let θ ∈ G−1 = D be arbitrary and let π1 := θ
−1π. Then π1 is a prime element for
P. Since ϕ is independent of the prime element, it follows that σπ1 ≡ απ1 mod P
2,
that is σθ−1π ≡ αθ−1π mod P2. Since G−1/G1 is an abelian group, we have
σπ = (θσθ−1)(π) ≡ θ(α)π mod P2.
Thus σπ ≡ θ(α)π mod P2 and σπ ≡ απ mod P2. It follows that θ(α) ≡ α mod P
for all θ ∈ G−1.
If we write θ˜ = θ mod G0, θ˜[α] = [α], that is, [α] is a fixed element under the
action of the group G−1/G0 ∼= Gal((OP/P)/(OP /(P ))). We obtain that [α] ∈
OP /(P ). Therefore imϕ ⊆
(
OP /(P )
)∗
and
∣∣G0/G1∣∣ | ∣∣(OP /(P ))∗∣∣ = qd − 1.
Finally, since L/k is abelian and P is tamely ramified, G1 = {1}, it follows that
e = |G0| = |G0/G1| | q
d − 1. 
Now consider a finite abelian tamely ramified extension L/k where P1, . . . , Pr
are the finite ramified primes. Let P ∈ {P1, . . . , Pr}, degP = d. Let e be the
ramification index of P in L. Then by Proposition 3.1 we have e | qd − 1. Now P
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is totally ramified in k(ΛP )/k with ramification index q
d − 1. In this extension p∞
has ramification index equal to q − 1.
Let k ⊆ E ⊆ k(ΛP ) with [E : k] = e. Set P˜ a prime divisor in LE dividing P .
Let q := P˜|E and P := P˜|L.
P
❃
❃
❃
❃
P˜
⑥
⑥
⑥
⑥
L ❴❴❴❴❴❴❴ LE
✤
✤
✤
✤
✤
✤
✤
M
⑧⑧
⑧⑧
⑧⑧
⑧⑧
H
④④④④④④④④
k e E
❆
❆
❆
❆
❆ k(ΛP )
P
 
 
 
 
q
We have e = eL/k(P|P ) = eE/k(q|P ). By Abhyankar’s Lemma [7, Theorem
12.4.4], we obtain
eLE/k(P˜|P ) = lcm[eL/k(P|P ), eE/k(q|P )] = lcm[e, e] = e.
Let H ⊆ Gal(LE/k) be the inertia group of P˜/P . Set M := (LE)H . Then
P is unramified in M/k. We want to see that L ⊆ Mk(ΛP ). Indeed we have
[LE :M ] = e and E ∩M = k since P is totally ramified in E/k and unramified in
M/k. It follows that [ME : k] = [M : k][E : k]. Therefore
[LE : k] = [LE : M ][M : k] = e
[ME : k]
[E : k]
= e
[ME : k]
e
= [ME : k].
SinceME ⊆ LE it follows that LE = ME = EM ⊆ k(ΛP )M . Thus L ⊆ k(ΛP )M .
In M/k the finite ramified primes are {P2, · · · , Pr}. In case r − 1 ≥ 1, we
may apply the above argument to M/k and we obtain M2/k such that at most
r − 2 finite primes are ramified and M ⊆ k(ΛP2)M2, so that L ⊆ k(ΛP1)M ⊆
k(ΛP1)k(ΛP2)M2 = k(ΛP1P2)M2.
Performing the above process at most r times we have
(3.1) L ⊆ k(ΛP1P2···Pr )M0
where in M0/k the only possible ramified prime is p∞.
We also have
Proposition 3.2. Let L/k be an abelian extension where at most one prime divisor
p0 of degree 1 is ramified and the extension is tamely ramified. Then L/k is a
constant extension.
Proof: By Proposition 3.1 we have e := eL/k(p0)|q − 1. Let H be the inertia
group of p0. Then |H | = e and p0 is unramified in E := L
H/k. Therefore E/k is
an unramified extension. Thus E/k is a constant extension.
Let [E : k] = m. Then if P0 is a prime divisor in E dividing p0 then the relative
degree dE/k(P0|p0) is equal to m, the number of prime divisors in E/k is 1 and
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the degree of P0 is 1 (see [7, Theorem 6.2.1]). Therefore P0 is the only prime
divisor ramified in L/E and it is of degree 1 and totally ramified. Furthermore
[L : E] = e | q − 1 = |F∗q |.
The (q − 1)-th roots of unity belong to Fq ⊆ k. Hence k contains the e–th
roots of unity and L/E is a Kummer extension, say L = E(y) with ye = α ∈
E = kFqm = Fqm(T ). We write α in a normal form as prescribed by Hasse [1]:
(α)E =
Pa0a
b
, 0 < a < e. Now since deg(α)E = 0 it follows that degE a or degE b is
not a multiple of e. This contradicts that p0 is the only ramified prime. Therefore
L/k is a constant extension.
As a corollary to (3.1) and Proposition 3.2 we obtain
Corollary 3.3. If L/k is a finite abelian tamely ramified extension where the ram-
ified finite prime divisors are P1, . . . , Pr, then
L ⊆ k(ΛP1···Pr)Fqm ,
for some m ∈ N. 
4. Reduction steps
As a consequence of Corollary 3.3, Theorem 2.1 will follow if we prove it for the
particular case of a cyclic extension L/k of degree pn for some n ∈ N. Now, this
kind of extensions are given by a Witt vector:
K = k(~y) = k(y1, . . . , yn) with ~y
p •− ~y = ~β = (β1, . . . , βn) ∈Wn(k)
where for any field E of characteristic p, Wn(E) denotes the ring of Witt vectors
of length n with components in E.
The following result was proved in [3]. It “separates” the ramified prime divisors.
Theorem 4.1. Let K/k be a cyclic extension of degree pn where P1, . . . , Pr ∈ R
+
T
and possibly p∞, are the ramified prime divisors. Then K = k(~y) where
~yp
•
− ~y = ~β = ~δ1
•
+ · · ·
•
+ ~δr
•
+ ~µ,
with δij =
Qij
P
eij
i
, eij ≥ 0, Qij ∈ RT and
(a) if eij = 0 then Qij = 0;
(b) if eij > 0 then p ∤ eij, gcd(Qij , Pi) = 1 and deg(Qij) < deg(P
eij
i ),
and µj = fj(T ) ∈ RT with
(c) p ∤ deg fj when fj 6∈ Fq and
(d) µj /∈ ℘(Fq) := {a
p − a | a ∈ Fq} when µj ∈ F
∗
q. 
Consider the field K = k(~y) as above, where precisely one prime divisor P ∈ R+T
ramifies, with
βi =
Qi
Pλi
, Qi ∈ RT such that λi ≥ 0,
if λi = 0 then Qi = 0,
if λi > 0 then gcd(λi, p) = 1, gcd(Qi, P ) = 1 and degQi < degP
λi ,
λ1 > 0.
(4.1)
A particular case of Theorem 4.1 suitable for our study is given in the following
proposition.
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Proposition 4.2. Assume that every extension K1/k that meets the conditions of
(4.1) satisfies that K1 ⊆ k(ΛPα) for some α ∈ N. Let K/k be the extension defined
by K = k(~y) where ℘(~y) = ~yp
•
− ~y = ~β with ~β = (β1, . . . , βn), βi given in normal
form: βi ∈ Fq or βi =
Qi
Pλi
, Qi ∈ RT and λi > 0, gcd(λi, p) = 1, gcd(Qi, P ) = 1
and degQi ≤ degP
λi . Then K ⊆ Fqpnk(ΛPα) for some α ∈ Fq.
Proof: From Theorem 4.1 we have that we can decompose the vector ~β as ~β =
~ε
•
+ ~γ with εi ∈ Fq for all 1 ≤ i ≤ n and γi = 0 or γi =
Qi
Pλi
, Qi ∈ RT and λi > 0,
gcd(λi, p) = 1, gcd(Qi, P ) = 1 and degQi < degP
λi .
Let γ1 = · · · = γr = 0, and γr+1 /∈ Fq. We have K ⊆ k(~ε)k(~γ). Now k(~ε) ⊆ Fqpn
and k(~γ) = k(0, . . . , 0, γr+1, . . . , γn).
For any Witt vector ~x = (x1, . . . , xn) we have the decomposition given by Witt
himself
~x =(x1, 0, 0, . . . , 0)
•
+ (0, x2, 0, . . . , 0)
•
+ · · ·
•
+ (0, . . . , 0, xj, 0, . . . , 0)
•
+ (0, . . . , 0, xj+1, . . . , xn)
for each 0 ≤ j ≤ n − 1. It follows that k(~γ) = k(γr+1, . . . , γn). Since this field
fulfills the conditions of (4.1), we have k(~γ) ⊆ k(ΛPα) for some α ∈ N. The result
follows. 
Remark 4.3. The prime p∞ can be handled in the same way. The conditions (4.1)
for p∞ are the following. Let K = k(~µ) with µj = fj(T ) ∈ RT , with fj(0) = 0
for all j and either fj(T ) = 0 or fj(T ) 6= 0 and p ∤ deg fj(T ). The condition
fj(0) = 0 means that the infinite prime for T
′ = 1/T is either decomposed or
ramified in each layer, that is, its inertia degree is 1 in K/k. In this case with the
change of variable T ′ = 1/T the hypotheses in Proposition 4.2 say that any field
meeting these conditions satisfies that K ⊆ k(ΛT ′m) = k(ΛT−m) for some m ∈ N.
However, since the degree of the extension K/k is a power of p we must have that
K ⊆ k(ΛT−m)
F
∗
q = Lm−1.
With the notation of Theorem 4.1 we obtain that if ~zpi
•
− ~zi = ~δi, 1 ≤ i ≤ r and
if ~vp
•
− ~v = ~µ, then L = k(~y) ⊆ k(~z1, . . . , ~zr, ~v) = k(~z1) . . . k(~zr)k(~v). Therefore if
Theorem 2.1 holds for each k(~zi), 1 ≤ i ≤ r and for k(~v), then it holds for L.
From Theorem 4.1, Proposition 4.2 and the remark after this proposition, we
obtain that to prove Theorem 2.1 it suffices to show that any field extension K/k
meeting the conditions of (4.1) satisfies that either K ⊆ k(ΛPα) for some α ∈ N or
K ⊆ Lm for some m ∈ N. It suffices to study the case for P ∈ RT .
Next we study the behavior of p∞ in an arbitrary cyclic extension K/k of degree
pn.
Consider first the case K/k cyclic of degree p. Then K = k(y) where yp − y =
α ∈ k. The equation can be normalized as:
(4.2) yp − y = α =
r∑
i=1
Qi
P eii
+ f(T ) =
Q
P e11 · · ·P
er
r
+ f(T ),
where Pi ∈ R
+
T , Qi ∈ RT , gcd(Pi, Qi) = 1, ei > 0, p ∤ ei, degQi < degP
ei
i ,
1 ≤ i ≤ r, degQ <
∑r
i=1 degP
ei
i , f(T ) ∈ RT , with p ∤ deg f when f(T ) 6∈ Fq and
f(T ) /∈ ℘(Fq) when f(T ) ∈ F
∗
q .
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We have that the finite primes ramified in K/k are precisely P1, . . . , Pr (see [1]).
With respect to p∞ we have the following well known result. We present a proof
for the sake of completeness.
Proposition 4.4. Let K = k(y) be given by (4.2). Then the prime p∞ is
(a) decomposed if f(T ) = 0.
(b) inert if f(T ) ∈ Fq and f(T ) 6∈ ℘(Fq).
(c) ramified if f(T ) 6∈ Fq (thus p ∤ deg f).
Proof: First consider the case f(T ) = 0. Then vp∞(α) = deg(P
e1
1 · · ·P
er
r ) −
degQ > 0. Therefore p∞ is unramified. Now y
p − y =
∏p−1
i=0 (y − i). Let P∞ | p∞.
Then
vP∞(y
p − y) =
p−1∑
i=0
vP∞(y − i) = e(P∞|p∞)vp∞(α) = vp∞(α) > 0.
Therefore, there exists 0 ≤ i ≤ p − 1 such that vp∞(y − i) > 0. Without loss of
generality we may assume that i = 0. Let σ ∈ Gal(K/k) \ {Id}. Assume that
Pσ∞ = P∞. We have y
σ = y − j, j 6= 0. Thus, on the one hand
vP∞(y − j) = vP∞(y
σ) = vσ(P∞)(y) = vP∞(y) > 0.
On the other hand, since vP∞(y) > 0 = vP∞(j), it follows that
vP∞(y − j) = min{vP∞(y), vP∞(j)} = 0.
This contradiction shows that Pσ∞ 6= P∞ so that p∞ decomposes in K/k.
Now we consider the case f(T ) 6= 0. If f(T ) 6∈ Fq, then p∞ ramifies since it is in
the normal form prescribed by Hasse [1].
The last case is when f(T ) ∈ Fq, f(T ) 6∈ ℘(Fq). Let b ∈ Fqp with b
p − b = a =
f(T ). Since deg p∞ = 1, p∞ is inert in the constant extension k(b)/k ([7, Theorem
6.2.1]). Assume that p∞ decomposes in k(y)/k. We have the following diagram
k(y)
p∞
inert
p∞
decomposes
k(y, b)
k
p∞
inert
k(b)
The decomposition group of p∞ in k(y, b)/k is Gal(k(y, b)/k(y)). Therefore p∞
is inert in every field of degree p over k other than k(y). Since the fields of degree
p are k(y + ib), k(b), 0 ≤ i ≤ p− 1, in k(y + b)/k we have
(y + b)p − (y + b) = (yp − y) + (bp − b) = α− a =
Q
P e11 · · ·P
er
r
with deg(α− a) < 0. Hence, by the first part, p∞ decomposes in k(y+ b)/k and in
k(y)/k which is impossible. Thus p∞ is inert in k(y)/k. 
The general case for the behavior of p∞ in a cyclic p–extension is given in [3,
Proposition 5.6] and it is a consequence of Proposition 4.4.
Proposition 4.5. Let K/k be given as in Theorem 4.1. Let µ1 = · · · = µs = 0,
µs+1 ∈ F
∗
q, µs+1 6∈ ℘(Fq) and finally, let t + 1 be the first index with ft+1 6∈ Fq
(and therefore p ∤ deg ft+1). Then the ramification index of p∞ is p
n−t, the inertia
degree of p∞ is p
t−s and the decomposition number of p∞ is p
s. More precisely,
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if Gal(K/k) = 〈σ〉 ∼= Cpn , then the inertia group of p∞ is I = 〈σ
pt〉 and the
decomposition group of p∞ is D = 〈σ
ps〉. 
From Propositions 4.4 and 4.5 we obtain
Proposition 4.6. If K is a field defined by an equation of the type given in (4.1),
then K/k is a cyclic extension of degree pn, P is the only ramified prime, it is fully
ramified and p∞ is fully decomposed.
Similarly, if K = k(~v) where vi = fi(T ) ∈ RT , fi(0) = 0 for all 1 ≤ i ≤ n
and f1(T ) /∈ Fq, p ∤ deg f1(T ), then p∞ is the only ramified prime in K/k, it is
fully ramified and the zero divisor of T which is the infinite prime in R1/T , is fully
decomposed. 
We have reduced the proof of Theorem 2.1 to prove that any extension of the
type given in Proposition 4.6 is contained in either k(ΛPα) for some α ∈ N or in
Lm for some m ∈ N. The second case is a consequence of the first one with the
change of variable T ′ = 1/T .
Let n, α ∈ N. Denote by vn(α) the number of cyclic groups of order p
n contained
in
(
RT /(P
α)
)∗ ∼= Gal(k(ΛPα/k). We have that vn(α) is the number of cyclic field
extensions K/k of degree pn and K ⊆ k(ΛPα). Every such extension satisfies that
its conductor FK divides P
α.
Let tn(α) be the number of cyclic field extensions K/k of degree p
n such that
P is the only ramified prime, it is fully ramified, p∞ is fully decomposed and its
conductor FK is a divisor of P
α. Since every cyclic extension K/k of degree pn
such that k ⊆ K ⊆ k(ΛPα) satisfies these conditions we have vn(α) ≤ tn(α). If we
prove tn(α) ≤ vn(α) then every extension satisfying equation (4.1) is contained in
a cyclotomic extension and Theorem 2.1 follows.
Therefore, to prove Theorem 2.1, it suffices to prove
tn(α) ≤ vn(α) for all n, α ∈ N.(4.3)
5. Wildly ramified extensions
In this section we prove (4.3) by induction on n and as a consequence we obtain
our main result, Theorem 2.1. First we compute vn(α) for all n, α ∈ N.
Proposition 5.1. The number vn(α) of different cyclic groups of order p
n con-
tained in
(
RT /(P
α)
)∗
is
vn(α) =
q
d
(
α−
⌈
α
pn
⌉)
− q
d
(
α−
⌈
α
pn−1
⌉)
pn−1(p− 1
) = qd
(
α−
⌈
α
pn−1
⌉)(
q
d
(⌈
α
pn−1
⌉
−
⌈
α
pn
⌉)
− 1
)
pn−1(p− 1)
,
where ⌈x⌉ denotes the ceiling function, that is, ⌈x⌉ denotes the minimum integer
greater than or equal to x.
Proof: Let P ∈ R+T and α ∈ N with degP = d. First we consider how many cyclic
extensions of degree pn are contained in k(ΛPα). Since p∞ is tamely ramified in
k(ΛPα), if K/k is a cyclic extension of degree p
n, p∞ decomposes fully in K/k ([7,
Theorem 12.4.6]). We have Gal(k(ΛPα)/k) ∼=
(
RT /(P
α)
)∗
and the exact sequence
0 −→ DP,Pα −→
(
RT /(P
α)
)∗ ϕ
−→
(
RT /(P )
)∗
−→ 0,(5.1)
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where
ϕ :
(
RT /(P
α)
)∗
−→
(
RT /(P )
)∗
A mod Pα 7−→ A mod P
and DP,Pα = {N mod P
α | N ≡ 1 mod P}. We safely may consider DP,Pα =
{1 + hP | h ∈ RT , deg h < degP
α = dα}.
We have
(
RT /(P
α)
)∗ ∼= (RT /(P ))∗ × DP,Pα and (RT /(P ))∗ ∼= Cqd−1. First
we compute how many elements of order pn contains
(
RT /(P
α)
)∗
. These elements
belong to DP,Pα . Let A = 1 + hP ∈ DP,Pα of order p
n. We write h = gP γ with
g ∈ RT , gcd(g, P ) = 1 and γ ≥ 0. We have A = 1+ gP
1+γ . Since A is of order pn,
it follows that
Ap
n
= 1 + gp
n
P p
n(1+γ) ≡ 1 mod Pα(5.2)
and
Ap
n−1
= 1 + gp
n−1
P p
n−1(1+γ) 6≡ 1 mod Pα.(5.3)
From (5.2) and (5.3) it follows that
pn−1(1 + γ) < α ≤ pn(1 + γ),(5.4)
which is equivalent to ⌈
α
pn
⌉
− 1 ≤ γ <
⌈
α
pn−1
⌉
− 1.(5.5)
Observe that for the existence of at least one element of order pn we need α > pn−1.
Now, for each γ satisfying (5.4) we have gcd(g, P ) = 1 and deg g+d(1+γ) < dα,
that is, deg g < d(α− γ − 1). Thus, there exist Φ(Pα−γ−1) such g’s, where for any
N ∈ RT , Φ(N) denotes the order of
∣∣(RT /(N))∗∣∣.
Therefore the number of elements of order pn in DP,Pα is⌈
α
pn−1
⌉
−2∑
γ=
⌈
α
pn
⌉
−1
Φ(Pα−γ−1) =
α−
⌈
α
pn
⌉
∑
γ′=α−
⌈
α
pn−1
⌉
+1
Φ(P γ
′
).(5.6)
Note that for any 1 ≤ r ≤ s we have
s∑
i=r
Φ(P i) =
s∑
i=r
qd(i−1)(qd − 1) = (qd − 1)qd(r−1)
s−r∑
j=0
qdj
= (qd − 1)qd(r−1)
qd(s−r+1) − 1
qd − 1
= qds − qd(r−1).
Hence (5.6) is equal to
q
d
(
α−
⌈
α
pn
⌉)
− q
d
(
α−
⌈
α
pn−1
⌉)
= q
d
(
α−
⌈
α
pn−1
⌉)
(q
d
(⌈
α
pn−1
⌉
−
⌈
α
pn
⌉)
− 1).
Since each cyclic group of order pn has ϕ(pn) = pn−1(p−1) generators, we obtain
the result. 
Note that if K/k is any field contained in k(ΛPα) then the conductor FK of K
is a divisor of Pα.
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During the proof of Proposition 5.2 we compute t1(α), that is, the number of
cyclic extensions K/k of degree p such that P is the only ramified prime (it is fully
ramified), p∞ is decomposed in K/k and FK | P
α and we obtain (4.3) for the case
n = 1. We have already solved this case in [5]. Here we present another proof,
which is suitable of generalization to the case of cyclic extensions of degree pn.
Proposition 5.2. Every cyclic extension K/k of degree p such that P is the only
ramified prime, p∞ decomposes in K/k and FK | P
α is contained in k(ΛPα).
Proof: From the Artin–Schreier theory (see (4.2)) and Proposition 4.4, we have
that the field K is given by K = k(y) with the Artin–Schreier equation of y nor-
malized as prescribed by Hasse [1]. That is
yp − y =
Q
Pλ
,
where P ∈ R+T , Q ∈ RT , gcd(P,Q) = 1, λ > 0, p ∤ λ, degQ < degP
λ. Now the
conductor FK satisfies FK = P
λ+1 so λ ≤ α− 1.
We have that if K = k(z) with zp − z = a then there exist j ∈ F∗p and c ∈ k
such that z = jy + c and a = j QPλ + ℘(c) where ℘(c) = c
p − c. If a is also given
in normal form then c = hPγ with pγ ≤ λ (indeed, pγ < λ since gcd(λ, p) = 1)
and deg h < degP γ or h = 0. Let γ0 :=
[
λ
p
]
. Then any such c can be written as
c = hP
γ0−γ
Pγ0 . Therefore c ∈ G :=
{
h
Pγ0 | h ∈ RT , deg h < degP
γ0 = dγ0 or h = 0
}
.
If c ∈ G and j ∈ {1, 2, . . . , p− 1} we have
a = j
Q
Pλ
+ ℘(c) = j
Q
Pλ
+
hp
P pγ0
+
h
P γ0
=
jQ+ Pλ−pγ0h+ Pλ−γ0
Pλ
=
Q1
Pλ
,
with degQ1 < degP
λ. Since λ− pγ0 > 0 and λ− γ0 > 0, we have gcd(Q1, P ) = 1.
Therefore a is in normal form.
It follows that the same field has |F∗p||℘(G)| different representations in standard
form. Now G and ℘(G) are additive groups and ℘ : G → ℘(G) is a group epimorphism
with kernel ker℘ = G ∩ {c | ℘(c) = cp − c = 0} = G ∩ Fp = {0}. We have
|℘(G)| = |G| = |RT /(P
γ0)| = qdγ0 .
From the above discussion we obtain that the number of different cyclic exten-
sions K/k of degree p such that the conductor of K is FK = P
λ+1 is equal to
(5.7)
Φ(Pλ)
|F∗p||℘(G)|
=
qd(λ−1)(qd − 1)
(p− 1)qdγ0
=
q
d(λ−
[
λ
p
]
−1)
(qd − 1)
p− 1
=
1
p− 1
Φ
(
P
λ−
[
λ
p
])
.
Therefore the number of different cyclic extensions K/k of degree p such that
the conductor FK of K is a divisor of P
α is given by t1(α) =
w(α)
p−1 where
(5.8) w(α) =
α−1∑
λ=1
gcd(λ,p)=1
Φ
(
P
λ−
[
λ
p
])
.
To compute w(α) write α − 1 = pt0 + r0 with t0 ≥ 0 and 0 ≤ r0 ≤ p− 1. Now
{λ | 1 ≤ λ ≤ α− 1, gcd(λ, p) = 1} = A ∪ B where
A = {pt+ r | 0 ≤ t ≤ t0 − 1, 1 ≤ r ≤ p− 1} and B = {pt0 + r | 1 ≤ r ≤ r0}.
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Then
w(α) =
∑
λ∈A
Φ
(
P
λ−
[
λ
p
])
+
∑
λ∈B
Φ
(
P
λ−
[
λ
p
])
where we understand that if a set, A or B is empty, the respective sum is 0.
Then
w(α) =
∑
0≤t≤t0−1
1≤r≤p−1
qd(pt+r−t−1)(qd − 1) +
r0∑
r=1
(qd(pt0+r−t0−1)(qd − 1)
= (qd − 1)
( t0−1∑
t=0
qd(p−1)t
)( p−1∑
r=1
qd(r−1)
)
+ (qd − 1)qd(p−1)t0
r0∑
r=1
qd(r−1)(5.9)
= (qd − 1)
qd(p−1)t0 − 1
qd(p−1) − 1
qd(p−1) − 1
qd − 1
+ (qd − 1)qd(p−1)t0
qdr0 − 1
qd − 1
= qd((p−1)t0+r0) − 1 = qd(pt0+r0−t0) − 1 = q
d
(
α−1−
[
α−1
p
])
− 1.
Therefore, the number of different cyclic extensions K/k of degree p such that
P is the only ramified prime, FK | P
α and p∞ decomposes, is
(5.10) t1(α) =
w(α)
p− 1
=
q
d(α−1−
[
α−1
p
]
)
− 1
p− 1
.
To finish the proof of Proposition 5.2 we need the following
Lemma 5.3. For any α ∈ Z and s ∈ N we have
(a)
[[α
ps
]
p
]
=
[[α
p
]
ps
]
=
[
α
ps+1
]
.
(b)
⌈
α
ps
⌉
=
[
α− 1
ps
]
+ 1.
Proof: For (a), we prove only
[[α
ps
]
p
]
=
[
α
ps+1
]
, the other equality is similar.
Note that the case s = 0 is clear. Set α = tps+1 + r with 0 ≤ r ≤ ps+1 − 1. Let
r = lps+r′ with 0 ≤ r′ ≤ ps−1. Note that 0 ≤ l ≤ p−1. Hence α = tps+1+lps+r′,
0 ≤ r′ ≤ ps − 1 and 0 ≤ l ≤ p − 1. Therefore
[
α
ps
]
= tp + l, and
[
α
ps
]
p
= t +
l
p
,
0 ≤ l ≤ p− 1. Therefore
[[α
ps
]
p
]
= t =
[
α
ps+1
]
.
For (b) write α = pst+ r with 0 ≤ r ≤ ps− 1. If ps | α then r = 0 and
⌈
α
ps
⌉
= t,[
α− 1
ps
]
=
[
pst− 1
ps
]
=
[
t−
1
ps
]
= t− 1 =
⌈
α
ps
⌉
− 1.
If ps ∤ α, then 1 ≤ r ≤ ps − 1 and α− 1 = pst+ (r − 1) with 0 ≤ r − 1 ≤ ps − 2.
Thus
⌈
α
ps
⌉
=
⌈
t +
r
ps
⌉
= t + 1 and
[
α− 1
ps
]
=
[
t +
r − 1
ps
]
= t =
⌈
α
ps
⌉
− 1. This
finishes the proof of Lemma 5.3. 
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From Lemma 5.3 (b) we obtain that (5.10) is equal to
(5.11) t1(α) =
w(α)
p− 1
=
q
d
(
α−1−
(⌈
α
p
⌉
−1
))
− 1
p− 1
=
q
d
(
α−
⌈
α
p
⌉)
− 1
p− 1
= v1(α).
As a consequence of (5.11), we have Proposition 5.2. 
Proposition 5.2 proves (4.3) for n = 1 and all α ∈ N.
Now consider any cyclic extension Kn/k of degree p
n such that P is the only
ramified prime, it is fully ramified, p∞ decomposes fully in Kn/k and FK | P
α. We
want to prove that Kn ⊆ k(ΛPα), that is, (4.3): tn(α) ≤ vn(α). This will be proved
by induction on n. The case n = 1 is Proposition 5.2. We assume that any cyclic
extension Kn−1 of degree p
n−1, n ≥ 2 such that P is the only ramified prime, p∞
decomposes fully in Kn−1/k and FKn−1 | P
δ is contained in k(ΛP δ ) where δ ∈ N.
LetKn be any cyclic extension of degree p
n such that P is the only ramified prime
and it is fully ramified, p∞ decomposes fully in Kn/k and FKn | P
α. Let Kn−1 be
the subfield of Kn of degree p
n−1 over k. Now we consider Kn/k generated by the
Witt vector ~β = (β1, . . . , βn−1, βn), that is, ℘(~y) = ~y
p •− ~y = ~β, and we assume
that ~β is in the normal form described by Schmid (see Theorem 4.1, [6]). Then
Kn−1/k is given by the Witt vector ~β′ = (β1, . . . , βn−1).
If ~λ := (λ1, . . . , λn−1, λn) is the vector of Schmid’s parameters, that is, each βi
is given by
βi =
Qi
Pλi
, where Qi = 0 (that is, βi = 0) and λi = 0 or
gcd(Qi, P ) = 1, degQi < degP
λi , λi > 0 and gcd(λi, p) = 1.
Since P is fully ramified we have λ1 > 0.
Now we compute how many different extensions Kn/Kn−1 can be constructed
by means of βn.
Lemma 5.4. For a fixed Kn−1 the number of different fields Kn is less than or
equal to
(5.12)
1 + w(α)
p
=
1
p
q
d(α−
⌈
α
p
⌉
)
.
Proof: For βn 6= 0, each equation in normal form is given by
ypn − yn = zn−1 + βn,(5.13)
where zn−1 is the element in Kn−1 obtained by the Witt generation of Kn−1 by
the vector ~β′ (see [6, page 161]). In fact zn−1 is given, formally, by
zn−1 =
n−1∑
i=1
1
pn−i
[
yp
n−i
i + β
pn−i
i − (yi + βi + zi−1)
pn−i
]
,
with z0 = 0.
As in the case n = 1 we have that there exist Φ(Pλn) different βn with λn > 0.
With the change of variable yn → yn + c, c ∈ Gλn :=
{
h
Pγn | h ∈ RT , deg h <
degP γn = dγn or h = 0
}
where γn =
[
λn
p
]
, we obtain βn → βn + ℘(c) also in
normal form. Therefore the number of different elements βn which provide the
same field Kn with this change of variable is q
d(
[
λn
p
]
)
. Therefore we obtain at most
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Φ
(
P
λn−
[
λn
p
])
possible fields Kn for each λn > 0 (see (5.7)). More precisely, if for
each βn with λn > 0 we set βn := {βn + ℘(c) | c ∈ Gλn}, then any element of βn
gives the same field Kn.
Let vP denote the valuation at P and
Aλn := {βn | vP (βn) = −λn},
A :=
α−1⋃
λn=1
gcd(λn,p)=1
Aλn .
Then any field Kn is given by βn = 0 or βn ∈ A. From (5.9) we have that the
number of fields Kn containing a fixed Kn−1 that we obtain in (5.13) is less than
or equal to
1 + |A| = 1 + w(α) = q
d
(
α−1−
[
α−1
p
])
= q
d
(
α−1−
⌈
α
p
⌉
+1
)
= q
d
(
α−
⌈
α
p
⌉)
.(5.14)
Now with the substitution yn → yn+ jy1, j = 0, 1, . . . , p− 1, in (5.13) we obtain
(yn + jy1)
p − (yn + jy1) = y
p
n − yn + j(y
p
1 − y1) = zn−1 + βn + jβ1.
Therefore each of the extensions obtained in (5.13) is repeated at least p times,
that is, for each βn, we obtain the same extension with βn, βn+β1, . . . , βn+(p−1)β1.
We will prove that different βn + jβ1 correspond to different elements of {0} ∪ A.
Fix βn. We modify each βn + jβ1 into its normal form: βn + jβ1 + ℘(cβn,j) for
some cβn,j ∈ k. Indeed βn+jβ1 is always in normal form with the possible exception
that λn = λ1 and in this case it holds for at most one index j ∈ {0, 1, . . . , p− 1}: if
λn 6= λ1,
vP (βn + jβ1) =
{
−λn if j = 0
−max{−λn,−λ1} if j 6= 0
.
When λn = λ1 and if vP (λn + jλ1) = u > −λn = −λ1 and p|u, then for i 6= j,
vP (βn + iβi) = vP (βn + jβ1 + (i − j)β1) = −λn = −λ1. In other words cβn,j = 0
with very few exceptions.
Each µ = βn + jβ1 + ℘(cβn,j), j = 0, 1, . . . , p − 1 satisfies that either µ = 0 or
µ ∈ A. We will see that all these elements give different elements of {0} ∪ A.
If βn = 0, then for j 6= 0, vP (jβ1) = −λ1, so jβn ∈ A. Now if jβn = iβn, then
jβ1 = β
′
n + ℘(c1) and iβ1 = β
′
n + ℘(c2)
for some β′n 6= 0 and some c1, c2 ∈ Gλ1 . It follows that (j−i)β1 = ℘(c2−c1) ∈ ℘(k).
This is not possible by the choice of β1 unless j = i.
Let βn 6= 0. The case βn + jβ1 = 0 for some j ∈ {0, 1, . . . , p − 1} has already
been considered in the first case. Thus we consider the case βn + jβ1 + ℘(cβn,j) 6=
0 for all j. If for some i, j ∈ {0, 1, . . . , p − 1} we have βn + jβ1 + ℘(cβn,j) =
βn + iβ1 + ℘(cβn,i) then there exists β
′
n and c1, c2 ∈ k such that
βn + jβ1 + ℘(cβn,j) = β
′
n + ℘(c1) and βn + iβ1 + ℘(cβn,i) = β
′
n + ℘(c2).
It follows that (j − i)β1 = ℘(c1 − c2 + cβn,i − cβn,j) ∈ ℘(k) so that i = j.
Therefore each field Kn is represented by at least p different elements of {0}∪A.
The result follows. 
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Now, according to Schmid [6, page 163], the conductor of Kn is P
Mn+1 where
Mn = max{pMn−1, λn} and P
Mn−1+1 is the conductor of Kn−1. Since FKn | P
α,
we have Mn ≤ α− 1. Therefore pMn−1 ≤ α− 1 and λn ≤ α− 1. Hence FKn−1 | P
δ
with δ =
[
α− 1
p
]
+ 1.
Proposition 5.5. We have
vn(α)
vn−1(δ)
=
q
d
(
α−
⌈
α
p
⌉)
p
,
where δ =
[
α− 1
p
]
+ 1.
Proof: From Proposition 5.1 we obtain
vn(α) =
q
d
(
α−
⌈
α
pn−1
⌉)(
q
d
(⌈
α
pn−1
⌉
−
⌈
α
pn
⌉)
− 1
)
pn−1(p− 1)
=
q
d
(
α−
⌈
α
pn−1
⌉)
pn−1(p− 1)
(
q
d
(⌈
α
pn−1
⌉
−
⌈
α
pn
⌉)
− 1
)
,
and
vn−1(δ) =
q
d
(
δ−
⌈
δ
pn−2
⌉)(
q
d
(⌈
δ
pn−2
⌉
−
⌈
δ
pn−1
⌉)
− 1
)
pn−2(p− 1)
=
q
d
(
δ−
⌈
δ
pn−2
⌉)
pn−2(p− 1)
(
q
d
(⌈
δ
pn−2
⌉
−
⌈
δ
pn−1
⌉)
− 1
)
.
From Lemma 5.3 we have⌈
δ
pn−2
⌉
−
⌈
δ
pn−1
⌉
=
([δ − 1
pn−2
]
+ 1
)
−
([δ − 1
pn−1
]
+ 1
)
=
[
δ − 1
pn−2
]
−
[
δ − 1
pn−1
]
=
[[α−1
p
]
pn−2
]
−
[[α−1
p
]
pn−1
]
=
[
α− 1
pn−1
]
−
[
α− 1
pn
]
=
(⌈ α
pn−1
⌉
− 1
)
−
(⌈ α
pn
⌉
− 1
)
=
⌈
α
pn−1
⌉
−
⌈
α
pn
⌉
,
δ −
⌈
δ
pn−2
⌉
=
([α− 1
p
]
+ 1
)
−
([δ − 1
pn−2
]
+ 1
)
=
[
α− 1
p
]
−
[
δ − 1
pn−2
]
=
[
α− 1
p
]
−
[[α−1
p
]
pn−2
]
=
[
α− 1
p
]
−
[
α− 1
pn−1
]
.
Therefore
vn−1(δ) =
q
d
([
α−1
p
]
−
[
α−1
pn−1
])
pn−2(p− 1)
(
q
d
(⌈
α
pn−1
⌉
−
⌈
α
pn
⌉)
− 1
)
.
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Thus, again by Lemma 5.3
vn(α)
vn−1(δ)
=
q
d
(
α−
⌈
α
pn−1
⌉)
pn−1(p−1)
(
q
d
(⌈
α
pn−1
⌉
−
⌈
α
pn
⌉)
− 1
)
q
d
([
α−1
p
]
−
[
α−1
pn−1
])
pn−2(p−1
) (qd(⌈ αpn−1⌉−⌈ αpn⌉) − 1)
=
1
p
q
d
(
α−
⌈
α
pn−1
⌉
−
[
α−1
p
]
+
[
α−1
pn−1
])
=
1
p
q
d
(
α−
⌈
α
pn−1
⌉
−
(⌈
α
p
⌉
−1
)
+
(⌈
α
pn−1
⌉
−1
))
=
1
p
q
d
(
α−
⌈
α
p
⌉)
.
This proves the result. 
Hence, from Proposition 5.5, Lemma 5.4 (5.12) and since by the induction hy-
pothesis, tn−1(δ) = vn−1(δ), we obtain
tn(α) ≤ tn−1(δ)
(1
p
q
d
(
α−
⌈
α
p
⌉))
= vn−1(δ)
(1
p
q
d
(
α−
⌈
α
p
⌉))
= vn(α).
This proves (4.3) and Theorem 2.1.
6. Alternative proof of (4.3)
We keep the same notation as in previous sections. Let K/k be an extension
satisfying the conditions (4.1) and with conductor a divisor of Pα. We have FK =
PMn+1 where
Mn = max{p
n−1λ1, p
n−2λ2, . . . , pλn−1, λn},
see [6]. Therefore
FK | P
α ⇐⇒ Mn + 1 ≤ α ⇐⇒ p
n−iλi ≤ α− 1, i = 1, . . . , n.
Thus λi ≤
[
α− 1
pn−i
]
. These conditions give all cyclic extensions of degree pn
where P ∈ R+T is the only ramified prime, it is fully ramified, p∞ decomposes fully
and its conductor divides Pα. Now we estimate the number of different forms of
generating K.
Let K = k(~y). First, note that with the change of variable yi for yi+ ci for each
i, ci ∈ k we obtain the same extension. For these new ways of generating K to
satisfy (4.1), we must have:
(a) If λi = 0, ci = 0.
(b) If λi > 0, then ci ∈
{
h
Pγi | h ∈ RT , deg h < degP
γi = dγi or h = 0
}
, where
γi =
[
λi
p
]
. Therefore we have at most Φ
(
P
λi−
[
λi
p
])
extensions for this λi (see
(5.7)). Since 1 ≤ λi ≤
[
α− 1
pn−i
]
and gcd(λi, p) = 1, if we let δi :=
[
α− 1
pn−i
]
+1,
from (5.8) and (5.9) we obtain that we have at most
w(δi) =
δi−1∑
λi=1
gcd(λi,p)=1
Φ
(
P
λi−
[
λi
p
])
= q
d
(
δi−1−
[
δi−1
p
])
− 1(6.1)
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different expressions for all possible λi > 0.
Now by Lemma 5.3 we have
δi − 1−
[
δi − 1
p
]
=
[
α− 1
pn−i
]
−
[[α− 1
pn−i
]
p
]
=
[
α− 1
pn−i
]
−
[
α− 1
pn−i+1
]
.
Therefore
w(δi) = q
d
([
α−1
pn−i
]
−
[
α−1
pn−i+1
])
− 1.(6.2)
When λi = 0 is allowed, we have at most w(δi) + 1 extensions with parameter
λi. Therefore, since λ1 > 0 and λi ≥ 0 for i = 2, . . . , n, we have that the number
of extensions satisfying (4.1) and with conductor a divisor of Pα is at most
sn(α) := w(δ1) ·
n∏
i=2
(
w(δi) + 1
)
.
From (6.1) and (6.2), we obtain
sn(α) =
(
q
d
([
α−1
pn−1
]
−
[
α−1
pn
])
− 1
)
·
n∏
i=2
q
d
([
α−1
pn−i
]
−
[
α−1
pn−i+1
])
.
Therefore
∏n
i=2(w(δi) + 1) = q
dµ where
µ =
n∑
i=2
([α− 1
pn−i
]
−
[
α− 1
pn−i+1
])
=
n∑
i=2
[
α− 1
pn−i
]
−
n−1∑
j=1
[
α− 1
pn−j
]
=
[
α− 1
pn−n
]
−
[
α− 1
pn−1
]
= α− 1−
[
α− 1
pn−1
]
.
Hence
sn(α) =
(
q
d
([
α−1
pn−1
]
−
[
α−1
pn
])
− 1
)
· q
d
(
α−1−
[
α−1
pn−1
])
= q
d
([
α−1
pn−1
]
−
[
α−1
pn
]
+α−1−
[
α−1
pn−1
])
− q
d
(
α−1−
[
α−1
pn−1
])
= q
d
(
α−1−
[
α−1
pn
])
− q
d
(
α−1−
[
α−1
pn−1
])
.
From Lemma 5.3 (b) we obtain
α− 1−
[
α− 1
pn
]
= α−
⌈
α
pn
⌉
and α− 1−
[
α− 1
pn−1
]
= α−
⌈
α
pn−1
⌉
.
Thus
sn(α) = q
(
α−
⌈
α
pn
⌉)
− q
(
α−
⌈
α
pn−1
⌉)
= pn−1(p− 1)vn(α).
Finally, the change of variable ~y → ~j
•
× ~y with ~j ∈ Wn(Fp)
∗ ∼=
(
Z/pnZ
)∗
gives
the same field and we have ~β → ~j
•
× ~β. Therefore
tn(α) ≤
sn(α)
ϕ(pn)
=
sn(α)
pn(p− 1)
= vn(α).
This proves (4.3) and Theorem 2.1.
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